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EQUIVARIANT COHOMOLOGICAL RIGIDITY OF
TOPOLOGICAL CONTACT TORIC MANIFOLDS
SOUMEN SARKAR AND JONGBAEK SONG
Abstract. We introduce the category of topological contact toric man-
ifolds which is a topological generalization of compact connected contact
toric manifolds, and study their basic properties. Our main theorem says
that two topological contact toric manifolds are equivariantly homeomor-
phic if and only if their equivariant cohomology algebras are isomorphic.
1. Introduction
Contact toric manifolds were introduced in the study of Hamiltonian torus
actions on odd-dimensional smooth compact manifolds in [BM93, BG00].
These are odd-dimensional analogues of symplectic toric manifolds with
Hamiltonian torus actions. The papers [TZ02] and [Ler03] worked on the
geometric aspects like integrable geodesic flows on contact toric manifolds.
Moreover, Lerman [Ler03, Theorem 2.18] provides a complete classification
of compact connected contact toric manifolds. Also, Luo in his thesis [Luo13]
studies several topological aspects of contact toric manifolds.
Motivated by the pioneering work of Davis and Januskiewicz [DJ91], we
introduce the notion of topological contact toric manifolds which is an exten-
sion of compact connected contact toric manifolds except for few cases. The
paper [DJ91] considers the standard compact abelian T n-action on Cn as
the local model to define toric manifolds. Here, we consider T n+1-action on
C
n×S1 which is an invariant subset of Cn+1 with respect to standard T n+1-
action, and adopt this as the local model to define a topological contact
toric manifold. Briefly, a topological contact toric manifold is a (2n + 1)-
dimensional compact smooth manifold locally isomorphic to the standard
T n+1-action on Cn×S1 such that the orbit space is identified with a simple
polytope, see Definition 2.1. We show in Example 2.10 that the category of
topological contact toric manifolds contains all good contact toric manifolds
(see [Ler03, Section 2]), as well as a huge class of odd-dimensional manifolds
without contact structures.
One of the main purposes of this manuscript is to discuss Borel equi-
variant cohomology, which is an important algebraic object associated to a
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topological space with group action. If X is a G-space, it is defined by the
cohomology of (EG × X)/G where EG is the total space of the universal
principal G-bundle and (EG×X)/G is the orbit space of diagonal G-action
on EX ×X. Therefore, the equivariant collapsing map π : X → pt induces
a H∗(BG) algebra structure on H∗G(X) := H
∗((EG × X)/G). It is well-
known that this algebra structure usually contains more information about
the G-action on X.
Indeed, for the case of compact nonsingular projective toric varieties or qu-
asitoric manifolds, somewhat surprisingly, equivariant cohomology algebras
distinguish their variety isomorphism types or equivariant homeomorphism
types, respectively, see [Mas08]. More generally, one may ask the following
question. “What are G-spaces X and Y such that they are G-equivariantly
homeomorphic, whenever their Borel equivariant cohomologies are isomor-
phic as H∗(BG)-algebras?” We call this question the equivariant cohomo-
logical rigidity problem, and in this paper, we give an affirmative answer to
this question for the category of topological contact toric manifolds.
For convenience, we often use the following identifications without explic-
itly mentioning it.
• Zn+1 ∼= tZ ∼= H2(BT
n+1) ∼= Hom(S1, T n+1);
• (Zn+1)∗ ∼= t∗Z
∼= H2(BT n+1) ∼= Hom(T n+1, S1),
where tZ = ker(exp: t → T
n+1), and all cohomologies in this paper are
considered with integer coefficients.
The article is organized as follows. We begin Section 2 with the axiomatic
and the constructive definition of a topological contact toric manifold, and
show those two definitions are equivalent (see Corollary 2.4.) We provide
examples of such manifolds beyond good contact toric manifolds of [Ler03].
Section 3 is devoted to studying the equivariant cohomology algebra of a
topological contact toric manifold M . The main purpose of this section
is to understand the geometric data of M encoded in H∗(BT n+1)-algebra
structure of H∗
Tn+1
(M). Finally, in Section 4, we give a concrete answer for
the equivariant cohomological rigidity problem about topological contact
toric manifolds.
2. Topological contact toric manifolds
In this section, we introduce topological contact toric manifolds and study
their essential properties which can be encoded by a combinatorial data.
Such a relationship is similar to the definition and properties of toric mani-
folds introduced by Davis and Januszkiewicz [DJ91].
2.1. Axiomatic definition. Consider the action α : T n+1 × Cn+1 → Cn+1
of (n+ 1)-dimensional torus T n+1 on Cn+1 defined by
α((t1, . . . , tn, tn+1), (z1, . . . , zn, zn+1)) = (t1z1, . . . , tnzn, tn+1zn+1).
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Then Cn×S1 is a T n+1-invariant subset of Cn+1, and the orbit space (Cn×
S1)/T n+1 is Rn≥. We call the restriction α|Tn+1×(Cn×S1) the standard T
n+1-
action on Cn × S1.
Definition 2.1. A (2n+ 1)-dimensional smooth manifold M with an effec-
tive T n+1-action is called a topological contact toric manifold if it is locally
isomorphic to Cn×S1 with standard T n+1-action. Here, ‘locally isomorphic’
means for each point p of M , there is
(1) an automorphism θ ∈ Aut(T n+1);
(2) a T n+1-invariant neighborhood U of p in M and V of Cn×S1 which
are θ-equivariantly diffeomorphic.
Since T n+1-action is locally standard and transversality is a local prop-
erty, we get that the orbit space M/T n+1 is a nice manifold with corners
of dimension n. In this paper, we are primarily interested in the topologi-
cal contact toric manifolds whose orbit spaces are simple polytopes. Basic
properties of simple polytopes can be found in [Zie95, BP15].
Let q : M → P be the orbit map where P is a simple polytope. Let
F(P ) := {F1, . . . , Fm} be the set of facets of P . Then each Mi := π
−1(Fi) is
a (2n − 1)-dimensional T n+1-invariant submanifold of M . From the locally
standardness and [DJ91, Lemma 1.3], we can show that Mi is a (2n −
1)-dimensional topological contact toric manifold over Fi. Therefore, the
isotropy subgroup of Mi is a circle subgroup Ti of T
n+1. The group Ti is
uniquely determined by a primitive vector λi ∈ Z
n+1. That is, we get a
natural function
(2.1) λ : {F1, . . . , Fm} → Z
n+1
defined by λ(Fi) = λi.
Since each vertex v of P is the transversal intersection of n many facets
{Fi1 , · · · , Fin}, the manifolds Mi1 , . . . ,Min intersect transversely by the lo-
cally standardness. This implies that the submodule A of Zn+1 generated
by {λi1 , . . . , λin} corresponding to the n-dimensional subtorus Ti1×· · ·×Tin
of T n+1 is a direct summand of Zn+1. Indeed, there exists a primitive vector
λin+1 ∈ Z
n+1 such that the rank of A⊕
〈
λin+1
〉
is n+ 1 and the volume de-
termine by {λi1 , . . . , λin , λin+1} in R
n+1 is equal to the volume determine by
{λi1 , . . . , λin} in A⊗Z R. Therefore, the locally standardness of M implies
that the set {λi1 , . . . , λin} is a part of a Z-basis in Z
n+1.
2.2. Constructive definition. In this subsection, we extend the idea of
[SS18, Definition 2.1] to a simple polytope and discuss the construction of
(2n + 1)-dimensional T n+1-manifolds on simple polytopes. Let F(P ) :=
{F1, . . . , Fm} be the set of facets of an n-dimensional simple polytope P .
Definition 2.2. A function ξ : F(P ) → Zn+1 is called hyper characteristic
function if ξ satisfies the following:
(⋆)
{ξj1 , . . . , ξjn} is a direct summand of Z
n+1 whenever Fj1 ∩ · · · ∩ Fjn 6= ∅.
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where ξj := ξ(Fj) for j = 1, . . . ,m. We call (P, ξ) a hyper characteristic
pair.
We denote by rk(ξ) the rank of the module generated by {ξ1, . . . , ξm}. In
this case, rk(ξ) can be either n or n+ 1 because of the hypothesis (⋆).
Now, we construct a (2n + 1)-dimensional manifold with T n+1-action as
follows. For a point x ∈ P , let Fj1 ∩ · · · ∩Fjk is the face of P containing x in
its relative interior. Then, we denote by Tx the subgroup of T
n+1 determined
by {ξj1 , . . . , ξjk}. If x belongs to the relative interior of P , we define Tx to
be the identity in T n+1. We define,
(2.2) M(P, ξ) := (T n+1 × P )/∼,
where
(2.3) (t, p) ∼ (s, q) if and only if p = q and t−1s ∈ Tp.
Here, T n+1 acts on M(P, ξ) induced by the multiplication on the first factor
of T n+1 × P .
Proposition 2.3. Let (P, ξ) be a hyper characteristic pair. Then the space
M(P, ξ) as in (2.2) is a topological contact toric manifold.
Proof. Let q : M → P be the orbit map and {v1, . . . , vℓ} the set of vertices
of P . Let Ui be the open subset of P obtained by deleting all faces of
P not containing the vertex vi, say vi = Fi1 ∩ · · · ∩ Fin for some unique
collection of facets {Fi1 , . . . , Fin} of P . Since P is a simple polytope, there
is a homeomorphism
f : Rn≥ → Ui
as manifold with corners such that the facet {xk = 0} of R
n
≥ maps onto
Fik for k = 1, . . . , n. Then the set {ξi1 , . . . , ξin} is a part of a basis by the
definition of ξ.
Now we choose ζ ∈ Zn+1 such that {ξi1 , . . . , ξin , ζ} is a Z-basis of Z
n+1.
Then, we get a diffeomorphism θ : T n+1 → T n+1 determined by the linear
map sending ek to ξik for k = 1, . . . , n and en+1 to ζ, where {e1, . . . , en, en+1}
is the standard basis of Zn+1. Therefore we get the following commutative
diagram
T n+1 × Rn≥ T
n+1 × Ui
(T n+1 × Rn≥)/∼s (T
n+1 × Ui)/∼,
θ×f
fˆ
where ∼s is similarly defined as the relation ∼ in (2.3) using {e1, . . . , en} as
a hyper characteristic function on facets of Rn≥. So the map fˆ is a homeo-
morphism. The space (T n+1×Rn≥)/∼s is T
n+1-equivariantly homeomorphic
to Cn × S1. Therefore, M(P, ξ) is a topological manifold with an effective
TOPOLOGICAL CONTACT TORIC MANIFOLDS 5
T n+1-action, since P =
⋃ℓ
i=1 Ui. Smoothness of M(P, ξ) can be shown simi-
larly as in the proof of [DJ91, Lemma 1.4]. 
Note that the function λ defined in (2.1) satisfies the condition (⋆) of a hy-
per characteristic function. Proposition 2.3 together with similar arguments
in the proofs of [DJ91, Lemma 1.4, Proposition 1.8] gives the following.
Corollary 2.4. Let M be a topological contact toric manifold with orbit
space P , and λ a function as defined in (2.1). Then, M is equivariantly
diffeomorphic to M(P, λ) as defined in (2.2).
We note that the orientation of a topological contact toric manifold M
can be induced from the orientation of P and T n+1.
Lemma 2.5. Let M be a (2n + 1)-dimensional topological contact toric
manifold with a function λ, as defined in (2.1). If rk(λ) = n + 1, then the
fundamental group π1(M) is a finite abelian group.
Proof. Let q : T n+1 × P → M be the quotient map for the equivalence
relation ∼ in (2.3). Then it follows that q−1(x) is connected for all x ∈ M .
Also we have T n+1 × P is locally path-connected and M is semi-locally
simply connected since it is locally Cn × S1. Then [CGM12, Theorem 1.1]
gives a surjective map
π1(q) : π1(T
n+1 × P )։ π1(M).
Since P is contractible, π1(T
n+1 × P ) = π1(T
n+1).
Let S1(λi) be the circle subgroup of T
n+1 determined by λi for i =
1, . . . ,m. So each S1(λi) is a loop in T
n+1 containing the identity. Let
αi ∈ π1(T
n+1) represent this loop for i = 1, . . . ,m. Then, αi = λi,1e1 +
· · · + λi,n+1en+1 with respect to the standard generators {e1, . . . , en+1} of
π1(T
n+1), where we denote λi := (λi,1, . . . , λi,n+1) ∈ Z
n+1. Since rk(λ) =
n + 1, the quotient group π1(T
n+1)/ 〈α1, . . . , αm〉 is finite abelian. Under
the quotient map q, the circle S1(λi) collapses to a point in M . So π1(q)(αi)
is the identity in π1(M) for i = 1, . . . ,m. Hence, lemma follows. 
A toric manifold [DJ91] (or a quasitoric manifold [BP15, Chapter 7]) is
a smooth 2n-dimensional T n-manifold, locally isomorphic to the standard
T n-action on Cn, whose orbit space is combinatorially equivalent to a simple
polytope. We remark that we prefer to use the notion of a ‘quasitoric mani-
fold’ throughout this paper, as we are often following arguments in [Mas08].
Next proposition shows a relation between topological contact toric mani-
folds and quasitoric manifolds under a restriction on ξ.
Proposition 2.6. The manifold M(P, ξ) is equivariantly homeomorphic to
the product of a quasitoric manifold with S1 if and only if rk(ξ) = n.
Proof. Assume that rk(ξ) = n. Let {ξi1 , . . . , ξin} be the set of hyper charac-
teristic vectors corresponding to facets intersecting at v. Then, condition (⋆)
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implies that the module generated by {ξi1 , . . . , ξin} is same as the module
generated by {ξ1, . . . , ξm} which we denote by M(ξ). Moreover, there exists
a vector ζ ∈ Zn+1 such that Zn+1 ∼= M(ξ) ⊕ 〈ζ〉. Hence, we have a natural
decomposition
(2.4) T ∼= S1ζ × T
n
ξ ,
where T nξ := (M(ξ) ⊗Z R)/M(ξ) and S
1
ζ denotes the circle subgroup of T
generated by ζ. Now, we have
M(P, ξ) = (T × P )/∼ ∼= ((S
1
ζ × T
n
ξ )× P )/∼ = S
1
ζ × (T
n
ξ × P )/∼.
Here, we note that the assignment ξ : F(P )→M(ξ)(∼= Zn) is a characteris-
tic function on P defined in [DJ91, Section 1]. Hence, we get a quasitoric
manifold N := (T nξ × P )/∼ as desired.
Conversely, assuming thatM(P, ξ) is equivariantly homeomorphic to S1×
N for some quasitoric manifold N , its fundamental group π1(S
1 × N) is
isomorphic to Z, as π1(N) is trivial for any quasitoric manifold N , see [DJ91,
Corollary 3.9]. Hence, the claim follows from Lemma 2.5. 
Independently from (2.2), we introduce another construction of a (2n+1)-
dimensional manifold with T n+1-action out of a hyper characteristic pair
(P, ξ). Here, we further assume that rk(ξ) = n + 1, as the case of rank n
is discussed in Proposition 2.6. Let x be a point in the relative interior of
Fj1 ∩· · ·∩Fjk . We denote by T˜x the subgroup of T
m generated by j1, . . . , jk-
th coordinate circles. When x belongs to the relative interior of P , we define
T˜x to be the identity in T
m. First, we consider
(2.5) ZP := (T
m × P )/∼z
which is called the moment angle manifold associated to P , see for instance
[BP15, Chapter 6]. Here, (t, p) ∼z (s, q) if and only if p = q and t
−1s ∈ T˜p.
Notice that ZP is equipped with a standard T
m-action by the coordinate
multiplication.
Next, regarding ξ as a matrix of size (n+ 1)×m by listing ξ1, . . . , ξm as
its column vectors, we have a short exact sequence
1 ker(exp ξ) Tm T n+1 1.
exp ξ
Now, we consider the space
(2.6) X(P, ξ) := ZP / ker(exp ξ),
where the action of ker(exp ξ) factors through Tm. The torus T n+1 ∼=
Tm/ ker(exp ξ) acts on X(P, ξ) residually.
The proof of following proposition is same as the standard argument in
toric topology, for instance see [BP15, Proposition 7.2.1].
Proposition 2.7. Let (P, ξ) be a hyper characteristic pair with rk(ξ) = n+1.
Then the space M(P, ξ) in (2.2) and X(P, ξ) in (2.6) are T n+1-equivariantly
weakly homeomorphic.
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Figure 1. Hyperplane cut of a quasitoric manifold; (A)
Characteristic pair of a quasitoric manifold, (B) Hyper char-
acteristic pair of a topological contact toric manifold
.
In the remaining part of this section, we exhibit several examples of topo-
logical contact toric manifolds studied in [SS18] and [Ler03], as well as some
manifolds beyond those of two categories.
Example 2.8 (Generalized lens space). Let P be the n-dimensional simplex
∆n, and ξ is a hyper characteristic function on it. We further assume that
rk(ξ) = n+1, see Proposition 2.6. In this case, Z∆n ∼= S
2n+1 and ker(exp ξ)
is isomorphic to a finite abelian group. The quotient space S2n+1/ ker(exp ξ)
is called a generalized lens space in [SS18]. In particular, if {ξ(F ) | F ∈
F(∆n)} form a basis of Zn+1, then M(∆n, ξ) is homeomorphic to S2n+1.
Example 2.9 (Good contact toric manifold). Let P be an n-dimensional
simple lattice polytope embedded in Rn+1 \ {0}. Consider the cone C(P )
on P with apex 0 ∈ Rn+1, and the set {F˜ | F ∈ F(P )} of facets of C(P ),
where F˜ := C(F ) \ {0}. Now, define a function ξ : F(P ) → Zn+1 by ξ(F ) to
be the primitive outward normal vectors of F˜ , and assume that ξ satisfies
the condition (⋆). Then, the resulting space M(P, ξ) is T n+1-equivariantly
homeomorphic to a good contact toric manifold whose moment cone is C(P ).
We refer to [Ler03, Section 2] or [Luo13, Chapter 2] for details of Hamiltonian
torus action on a contact toric manifold and its moment map.
Example 2.10 (Hyperplane cut of a quasitoric manifold). Let X be a 2n-
dimensional quasitoric manifold and q : X → Q be the associated orbit map.
Let H be a hyperplane in Rn which does not contain any vertex of Q. Since
Q is an n-dimensional simple polytope, P := Q∩H is an (n−1)-dimensional
simple polytope. Then q−1(P ) is a T n-invariant subspace of X.
Note that if v is a vertex of P , then v is the intersection of an edge e
and H. Let Pv be the open subset of P obtained by deleting all faces of P
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not containing v and Qv be the open subset of Q obtained by deleting all
faces of Q not containing the edge e. Then Qv homeomorphic to Pv × e˚ as
manifold with corners where e˚ is the relative interior of e. So q−1(Qv) =
q−1(Pv) × q
−1(˚e). q−1(˚e) is equivariantly homeomorphic to S1 × e˚. Since
Pv and e˚ intersect transversally, q
−1(Pv) is a codimension-2 submanifold
of q−1(Qv). Therefore, q
−1(P ) is a (2n − 1)-dimensional manifold with an
effective T n which satisfies the condition of Definition 2.1. Hence q−1(P )
is a topological contact toric manifold. We observe this in the following
particular case.
Consider Q and P as described in Figure 1-(A) and (B) respectively. The
space q−1(P ) is a S1-bundle over CP2#CP2. We recall that contact toric
manifold is bijectively corresponds to the ‘moment cone’ see [Ler03]. Here,
hyper characteristic vectors on P do not satisfy the condition of a moment
cone. So q−1(P ) is not a contact toric manifold. This observation may
justify the name of manifolds in Definition 2.1.
3. Equivariant cohomology of topological contact toric
manifolds
In this section, we study the ring structure of the equivariant cohomology
H∗T (M(P, ξ)) of M(P, ξ) and the structure of H
∗(BT n+1)-algebra. For sim-
plicity, we denote M := M(P, ξ) and T := T n+1 throughout the remaining
part of this paper.
3.1. Equivariant Thom classes and face ring. Consider the set V (P ) :=
{v1, . . . , vℓ} of vertices of P , and write vi := Fi1 ∩ · · · ∩ Fin , the intersection
of n facets, say Fi1 , . . . , Fin . We denote by Tvi the subtorus of T generated
by {ξi1 , . . . , ξin} ⊂ Z
n+1 and write S1vi := T/Tvi which is of dimension 1.
Then, we have a short exact sequence
(3.1) 1 Tvi T S
1
vi
1
αi
for each i = 1, . . . , ℓ. We notice that, for each vertex vi ∈ V (P ), the con-
structive definition of M(P, ξ) shows π−1(vi) = S
1
vi
× vi.
Identifying H2(BT ) with the lattice 〈e1, . . . , en+1〉 (= Z
n+1) generated
by the standard unit vectors {e1, . . . , en+1} of Z
n+1, we have H2(BTvi)
∼=
〈ξi1 , . . . , ξin〉, the sublattice of Z
n+1 generated by {ξi1 , . . . , ξin}, which is a
direct summand of Zn+1 by the hypothesis (⋆). Hence, we get
(3.2) H2(BT ) ∼= H2(BTvi)⊕Nvi
for some 1-dimensional Z-submodule Nvi of H2(BT ). This gives us the
following identification of cohomology groups
(3.3) H2(BTvi)
∼= H2(BT )/Ann(H2(BTvi)),
which is also isomorphic to the annihilator Ann(Nvi) of Nvi .
Lemma 3.1. H∗T (S
1
vi
× vi) ∼= H
∗(BTvi).
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Proof. The hypothesis (⋆) gives a left splitting of (3.1), which yields an
identification T ∼= Tvi × Svi . Hence, we have
H∗T (S
1
vi
× vi) = H
∗(ET n+1 ×T S
1
vi
)
= H∗(ETvi ×Tvi (ES
1
vi
×S1vi
S1vi)
= H∗(BTvi),
where the third equality holds, because ES1vi is contractible and S
1
vi
acts
freely on S1vi . 
Recall from Section 2 that for each facet Fj ∈ F(P ), we may associate
a codimension 2 submanifold Mj which is fixed by the circle subgroup of
T generated by ξj ∈ Z
n+1 ∼= Hom(S1, T ). Let τj ∈ H
2
T (M) be the equi-
variant Thom class of the normal bundle ν(Mj) of Mj in M . To be more
precise, it is the image of the identity in H∗T (Mj) via the equivariant Gysin
homomorphism H∗T (Mj)→ H
∗+2
T (M).
Now, we consider the map
(3.4) fvi : H
∗
T (M)→ H
∗
T (S
1
vi
)
induced from the inclusion S1vi×vi →֒M . Here we denote by τj|vi the image
of the Thom class τj via fvi and it satisfies the following property:
Lemma 3.2. For a vertex vi = Fi1 ∩ · · · ∩ Fin of P ,
(1) τj |vi = 0 if j /∈ {i1, . . . , in};
(2) {τi1 |vi , . . . , τin |vi} is a linearly independent set.
Proof. For j /∈ {i1, . . . , in}, two subspaces π
−1(Fj) = Mj and π
−1(vi) =
S1vi × vi of have empty intersection. Hence, the assertion (1) follows.
Assertion (2) follows from the following T -equivariant decomposition
(3.5) ν(S1vi)
∼=
n⊕
k=1
ν(Mik)|S1vi
,
of the normal bundle ν(S1vi) of S
1
vi
× vi in M into the sum of line bundles
ν(Mik)|S1v1
, the restriction of the normal bundle ν(Mik) of characteristic sub-
manifoldMik to S
1
vi
×vi. Therefore, the equivariant Euler class of ν(Mik)|S1vi
agrees with τik |vi ∈ H
2
T (S
1
vi
), for each k = 1, . . . , n, by the naturality. Hence,
the claim follows from the equivariant decomposition in (3.5). 
We now discuss more properties on equivariant Thom classes for the prepa-
ration of the study in Section 4. Let xj,i ∈ H
2(BT ) be a representative of
the restriction of Thom class τj|vi ∈ H
2
T (S
1
vi
) ∼= H2(BT )/Ann(H2(BTvi)) via
(3.3) and Lemma 3.1. Furthermore, Lemma 3.2 implies that xj,i is nonzero
if and only if j ∈ {i1, . . . , in}. Hence, we write xik := xik,i for simplicity.
To emphasize the generators of modules, we identifyH2(BT ) andH2(BTvi)
with Zn+1 and 〈ξi1 , . . . , ξin〉 ⊂ Z
n+1 respectively. Hence we also regard
xi1 , . . . ,xin as elements of (Z
n+1)∗ accordingly.
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Lemma 3.3. For each vertex vi = Fi1 ∩ · · · ∩ Fin , any representative xik ∈
(Zn+1)∗ of τik |vi is an element in
Ann
〈
ξi1 , . . . , ξik−1 , ξik+1 , . . . , ξin
〉
\Ann 〈ξi1 , . . . , ξin〉 ,
i.e., 〈ξir ,xik〉 = 0 for all r ∈ {1, . . . , n} \ {k}.
Proof. Recall the following identifications;
(1) H2(BT ) ∼= Z
n+1 ∼= Hom(S1, T ). We denote by λξ ∈ Hom(S
1, T ) the
weight corresponding to ξ ∈ Zn+1 ∼= H2(BT ).
(2) H2(BT ) ∼= (Zn+1)∗ ∼= Hom(T, S1). We denote by χζ ∈ Hom(T, S1)
the character corresponding to ζ ∈ (Zn+1)∗ ∼= H2(BT ).
(3) For each t ∈ S1, we have
(3.6) (χζ ◦ λξ)(t) = t
〈ξ,ζ〉,
where 〈 , 〉 denotes the standard paring between elements in Zn+1
and its dual (Zn+1)∗.
Now, the equivariant decomposition of ν(S1vi) as in (3.5) together with (3.6)
implies that 〈ξir ,xik〉 = 0 for all r ∈ {1, . . . , n} \ {k}, and 〈ξik ,xik〉 6= 0.
Therefore, the representative xik does not belong to Ann 〈ξi1 , . . . , ξin〉. 
In addition to Lemma 3.3, one may choose a particular representative
xik ∈ (Z
n+1)∗ such that 〈ξik ,xik〉 = 1. Indeed, the first n elements in the
dual basis {xi1 , . . . ,xin ,xin+1} chosen by extending {ξi1 , . . . , ξin} to a basis
{ξi1 , . . . , ξin , ζ} of Z
n+1 for some ζ ∈ Zn+1 may play a role of representatives
because of the relation (3.6). With this observation, we get the following
conclusion.
Corollary 3.4. For each vertex vi = Fi1 ∩ · · · ∩ Fin and associated set
(3.7) {τi1 |vi , . . . , τin |vi} ⊂ H
2
T (S
1
vi
) ∼= (Zn+1)∗/Ann 〈ξi1 , . . . , ξin〉
of restrictions of equivariant Thom classes, there is a set {xi1 , . . . ,xin} ⊂
(Zn+1)∗ of representatives of (3.7) such that
(3.8) 〈ξir ,xik〉 =
{
0 if r 6= k;
1 if r = k.
In particular, the submodule generated by such a set {xi1 , . . . ,xin} is a direct
summand of (Zn+1)∗.
We finish this subsection by showing the following theorem. Luo [Luo13,
Theorem 2.3.33] proves a similar statement for the case of good contact
toric manifolds, whose main idea works well for the category of topological
contact toric manifolds. For reader’s convenience, here we shall prove this
again based on his idea.
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Theorem 3.5. Let M := M(P, ξ) be a topological contact toric manifold
such that rk(ξ) = n + 1, and τj for j = 1, . . . ,m as above. Then the equi-
variant cohomology H∗T (M) is isomorphic to
(3.9) Z[τ1, . . . , τm]/ 〈τi1 · · · τik | Fi1 ∩ · · · ∩ Fik = ∅〉
as rings.
Proof. A hyper characteristic function ξ, regarded as a matrix of size (n +
1)×m whose column vectors are indexed by facets of P , yields a short exact
sequence
1 ker(exp ξ) Tm T 1.ι
exp ξ
Let K0 be the connected component of ker(exp ξ) containing the identity.
Then, there is a group homomorphism φ : Tm → K0 such that φ◦ι|K0 = idK0 .
See [Luo13, Lemma 2.3.21] for details.
Now, we consider the moment angle manifold ZP corresponding to P ,
see (2.5). Its Borel construction ETm ×Tm ZP with respect to the natural
Tm-action is homotopy equivalent to
(EK0 × ET )×Tm ×ZP ,
where Tm-acton on EK0×ET is given by φ and exp ξ. It is again homotopy
equivalent to the Borel construction ET ×T M of the given topological con-
tact toric manifold M . We refer to [Luo13, Lemma 2.3.24, 2.3.25] for more
details. We note that the equivariant cohomology H∗Tm(ZP ) is isomorphic
to
(3.10) SR(P ) := Z[y1, . . . , ym]/ 〈yi1 · · · yik | Fi1 ∩ · · · ∩ Fik = ∅〉 ,
which is called the face ring of P , see [DJ91, Section 4]. Here, yi’s are
indeterminates of degree 2. Hence, we conclude that
H∗T (M)
∼= SR(P ).
Now, it remains to verify the relation between Thom classes τj’s of (3.9)
and yj’s of SR(P ). First, note that {τ1, . . . , τm} is linearly independent. In-
deed, sending
∑m
j=1 aiτi ∈ H
2
T (M) via fvi defined in (3.4), we get
∑n
k=1 aikτik |vi ∈
H2T (S
1
vi
) by Lemma 3.2-(1). Hence, if
∑m
j=1 aiτi = 0, then
∑n
k=1 aikτik |vi = 0,
which implies that ai1 = · · · = ain = 0 by Lemma 3.2-(2). The same proce-
dures for other vertices establish a1 = · · · = am = 0.
Next, the cup product τi1 ∩ · · · ∩ τik vanishes whenever Fi1 ∩ · · · ∩ Fik =
∅, because τi1 ∩ · · · ∩ τik represents the equivariant Poincare dual of the
intersection Mi1 ∩ · · · ∩Mik . Hence, one has an isomorphism between (3.9)
and SR(P ) by sending τj to yj for j = 1, . . . m. 
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3.2. Algebra structure. Note that H∗T (M) is equipped with H
∗(BT )-
algebra structure induced from the Borel fibration
M →֒ ET ×T M
π
−→ BT.
The following lemma allows us to see H2(BT ) as a subset of H2T (M).
Lemma 3.6. H2(BT ) is a subgroup of H2T (M). Moreover, the inclusion of
H2(BT ) into H2T (M) is the homomorphism π
∗ : H2(BT )→ H2T (M).
Proof. If rk(ξ) = n, then M is equivariantly homeomorphic to S1 × N for
some quasitoric manifold N , see Proposition 2.6. Here the torus T ∼= S1ζ×T
n
ξ
(see (2.4)) acts on S1 ×N componentwise. Hence, we have
H∗T (M) = H
∗(ET ×T (S
1 ×N))
= H∗((ES1 ×S1
ζ
S1)× (ET n ×Tn
ξ
N))
∼= H∗(BS1)⊗H∗Tn
ξ
(N).(3.11)
We note that Hodd(N) = 0, which implies that H∗Tn
ξ
(N) ∼= H∗(BT nξ ) ⊗
H∗(N), see [MP06, Lemma 2.1]. Moreover, the equivariant collapsing map
from N to a fixed point of N induces π∗, which is an inclusion of H∗(BT nξ )
into H∗Tn
ξ
(N). Hence, the assertion follows in this case.
Next, we consider the case when rk(ξ) = n + 1. The cohomology Leray–
Serre spectral sequence for the fibration (3.2) gives us
Ep,q2 = H
p(BT ;Hq(M ;Z)),
where the system of local coefficients is simple, because BT is simply con-
nected. We refer to [McC01, Proposition 5.20]. Notice that E2,02 = H
2(BT ;Z),
and E0,12 is a finite abelian group by Lemma 2.5 together with Hurewicz the-
orem and the universal coefficient theorem. Therefore, the differential
d1,02 : E
0,1
2 → E
2,0
2
is a zero map, which implies that
H2(BT ) = E2,02 = E
2,0
3 = · · · = E
2,0
∞ ⊂ H
2
T (M).
Now, the second assertion directly follows from [McC01, Theorem 5.9]. 
Hence, for each element u ∈ H2(BT ), we have
(3.12) π∗(u) = u =
m∑
j=1
wj(u) · τj =
m∑
j=1
〈w˜j , u〉 τj
for some linear map wi : H
2(BT ) → Z. Here, w˜i ∈ Z
n+1 denotes the el-
ement corresponding to wi via the identifications of Hom(H
2(BT ),Z) ∼=
Hom((Zn+1)∗,Z) ∼= Zn+1. Here, 〈 , 〉 denotes the standard paring between
Z
n+1 and (Zn+1)∗.
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Lemma 3.7. Let {xi1 , . . . ,xin} ⊂ Z
n+1 be the set as in Corollary 3.4. Then,
{w˜i1 , . . . , w˜in} satisfies
(3.13) 〈w˜ir ,xik〉 =
{
0 if r 6= k;
1 if r = k.
Proof. Consider the following commutative diagram,
(3.14)
H2(BT ) H2T (M) H
2
T (S
1
vi
)
(Zn+1)∗ (Zn+1)∗/Ann 〈ξi1 , . . . , ξin〉
π∗ fvi
∼=∼=
prvi
where π∗ and fvi are defined in (3.12) and (3.4), respectively, and prvi is the
projection. Now, we evaluate xik ∈ (Z
n+1)∗. Then, we have
fvi(π
∗(xik)) = fvi(xik) = fvi
( m∑
j=1
〈w˜j ,xik〉 τj
)
=
n∑
r=1
〈w˜ir ,xik〉 τir |vi
and prvi(xik,i) = τik |vi . Hence the commutativity of the diagram (3.14)
shows
τik |vi =
n∑
r=1
〈w˜ir ,xik〉 τir |vi ,
which implies the desired relation (3.13), because the set {τi1 |vi , . . . , τin |vi}
is linearly independent, see Lemma 3.2. 
Remark 3.8. Relations (3.8) and (3.13) are independent from the choice
of a vertex of P . To be more precise, if two distinct vertices vi and vℓ
are contained in a common facet Fj , then w˜j of (3.13) may appear with
respect to two different set of dual elements B1 := {xi1,i, . . . ,xi1,i} and
B2 := {yℓ1,i, . . . ,yℓ1,i} corresponding to restrictions of equivariant Thom
classes around vi and vℓ, respectively. Two relations (3.8) and (3.13) holds
for both B1 and B2.
To simplify the proof of Theorem 3.9 below, we set up the following
notation. Given a vertex v = Fi1 ∩ · · · ∩ Fin ∈ V (P ), we write Th|v :=
{τi1 |v, . . . , τin |v} ⊂ H
2(BTv), and Th|v := {xi1 , . . . ,xin} ⊂ (Z
n+1)∗ which
are representatives of elements in Th|v as in Corollary 3.4.
Given a facet Fj ∈ F(P ), we denote by Aj the submodule of (Z
n+1)∗
generated by elements of
⋃
v∈V (Fj)
Th|v. Then, the rank of Aj is either n+1
or n. For example in Figure 2, rankA1 = 3 and rankA2 = 2.
Theorem 3.9. w˜j = ξj, for each j = 1, . . . ,m.
Proof. First, consider the case when rankAj = n+ 1. We claim that
(3.15) 〈w˜j − ξj,x〉 = 0,
for all x ∈ Aj ∼= (Z
n+1)∗. To show the claim, it is enough to consider the
generators of Aj . Consider a vertex v = Fi1 ∩ · · · ∩ Fin ∈ V (Fj), hence Fj
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ξ1 = (0, 1, 0)
F1
ξ2 = (0, 0, 1) F2
ξ3 = (0, 1, 0) F3
ξ4 = (0, 0, 1)
F4
ξ5 = (0, 1, 0)F5
ξ6 = (1, 0, 0)F6
Figure 2. A hyper characteristic function on m-gon.
is one of Fi1 , . . . , Fin . Then, Corollary 3.4 and Lemma 3.7 yield (3.15) for
all x ∈ span(Th|v). Since this is true for all v ∈ V (Fj), the assertion follows.
Now, the hypothesis rankAj = n+1 implies that Aj ∼= (Z
n+1)∗. Hence, the
nondegeneracy of the paring 〈 , 〉 concludes that w˜j = ξj.
Next, consider the case when rankAj = n. This is exactly the case when
each of the following sets Th|v’s for v ∈ V (Fj) span the same submodule of
(Zn+1)∗, which is a direct summand by Corollary 3.4. Hence, we may put
(Zn+1)∗ = Aj ⊕B,
where Aj and B can be identified with Ann(Nv) and Ann(H2(BTv)), re-
spectively, for any v ∈ V (Fj), see (3.2). Applying y ∈ B to (3.14), we
get
0 = fv(π
∗(y)) = fv(y) = fv
( m∑
j=1
〈w˜j ,y〉 τj
)
=
n∑
r=1
〈w˜ir ,y〉 τir |v,
where the first equality follows from the identificationH2(BTv) ∼= 〈ξi1 , . . . , ξin〉.
Since the set {τi1 |v , . . . τin |v} is linearly independent, we get
(3.16) 〈w˜j,y〉 = 0, for y ∈ B.
On the other hand, regarding Aj as the module generated by Th|v for
some v ∈ V (Fj), we get
(3.17) 〈ξj ,y〉 = 0, for y ∈ B,
becauseB ∼= Ann(H2(BTv)) ∼= Ann 〈ξi1 , . . . , ξin〉 and ξj is one of {ξi1 , . . . , ξin}
if v = Fi1 ∩· · ·∩Fin . Furthermore, it follows from Corollary 3.4 and Lemma
3.7 that
(3.18) 〈w˜j − ξj,y〉 = 0, for y ∈ Aj .
Finally, combining (3.16), (3.17) and (3.18), we conclude 〈w˜j − ξj,x〉 = 0
for all x ∈ (Zn+1)∗. Hence the result follows. 
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4. Equivariant cohomological rigidity
In this section, we answer the equivariant cohomological rigidity problem
for the category of topological contact toric manifolds. Owing to the dis-
cussion in Section 3, the main idea of the proof of [Mas08, Theorem 1.1]
works for this category of manifolds. Lemma 3.2 allows us to use a similar
argument in the proof of [Mas08, Lemma 3.2] to obtain the following.
Lemma 4.1. Let M and M ′ be two topological contact toric manifolds over
P . Let ThM := {τ1, . . . , τm} and ThM ′ := {τ
′
1, . . . , τ
′
m} be sets of equivariant
Thom classes corresponding to characteristic submanifolds of M and M ′
respectively. If φ : H∗T (M) → H
∗
T (M
′) is an algebra isomorphism, then φ
maps ThM to ThM ′ bijectively up to sign.
Now, we introduce our main results, which answers to the equivariant
cohomological rigidity problem about topological contact toric manifolds.
Theorem 4.2. Two topological contact toric manifolds are weakly equivari-
antly homeomorphic if and only if their equivariant cohomology algebras are
weakly isomorphic.
Proof. Suppose we have two (2n + 1)-dimensional topological contact toric
manifoldsM andM ′ whose equivariant cohomologies are weakly isomorphic
as H∗(BT )-algebras. Let λ and λ′ be functions associated to M and M ′,
respectively as defined in (2.1).
First, we consider the case when rk(λ) = rk(λ′) = n+ 1. A proof can be
completed straightforward by the argument of [Mas08, Theorem 1.1]. Let φ
be a weak isomorphism between H∗T (M) and H
∗
T (M
′). Then
φ(τi) = ǫiτ
′
φ¯(i)
for some ǫi = ±1 and some permutation φ¯, by Lemma 4.1. Let I be the
ideal defined in Theorem 3.5, then
(4.1) φ(τi1 · · · τik) = φ(τi1) · · · φ(τik) = ±τφ¯(i1) · · · τφ¯(ik) = 0,
whenever Fi1 ∩ · · · ∩ Fik = ∅.. Hence, we get a face preserving continuous
map from P to P ′. Applying the same argument for φ−1, one can see that
there exists a face preserving homeomorphism ψ : P → P ′.
Since φ is an algebra isomorphism, the algebra structures are compatible
to φ, i.e., π′∗ = φ ◦π∗, where π∗ and π′∗ are defined in (3.12) for M and M ′,
respectively. Then,
π′∗(u) =
m∑
j=1
〈
ξ′j, u
〉
τ ′j
and
φ(π∗(u)) =
m∑
j=1
〈ξj, u〉φ(τj) =
m∑
j=1
ǫj
〈
ξφ¯(j), u
〉
τ ′
φ¯(j).
Hence, we get ǫj〈ξφ¯(j), u〉 = 〈ξ
′
j , u〉 for each j.
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Let J := {j | ǫj = −1} and define an automorphism δ : T
m → Tm such
that δ sends j-th coordinate of (t1, . . . , tm) ∈ T
m to its conjugate whenever
j ∈ J . This implies that δ(exp(ker ξ)) = exp(ker ξ′). Hence, we have the
following commutative diagram
(4.2)
ZP = (T
m × P )/∼z (T
m × P ′)/∼z = ZP ′
ZP/ exp(ker ξ) ZP ′/ exp(ker ξ
′),
Ψ
Ψ˜
where Ψ is a δ-equivariant homeomorphism induced from δ × ψ. Therefore,
Ψ˜ is a weakly equivariant homeomorphism. Hence, the result follows.
Secondly, if rk(λ) = rk(λ) = n, then M and M ′ are equivariantly home-
omorphic to S1 ×N and S1 ×N ′ for some quasitoric manifolds N and N ′,
respectively, by Proposition 2.6. Hence, a weak isomorphism φ : H∗T (M) →
H∗T (M
′) induces a weak isomorphism
Φ: H∗(BS1)⊗Z H
∗
Tn(N)→ H
∗(BS1)⊗Z H
∗
Tn(N
′)
by the identification (3.11). Recall from [Mas08, Proposition 2.1] that
H∗Tn(N) is isomorphic to Z[η1, . . . , ηm]/I, where ηj ’s are equivariant Thom
classes of characteristic submanifolds Nj ’s of N , respectively, and I is the
ideal generated by {ηi1 · · · ηik | Ni1 ∩ · · · ∩Nik = ∅}.
Since M and S1 × N is equivariantly homeomorphic, we can see ηj ∈
H2Tn(N) as a restriction of τj to N via the equivariant embedding N into the
second factor of S1 ×N . This leads a correspondence between τj ∈ H
2
T (M)
and 1⊗ ηj ∈ H
∗(BS1)⊗Z H
∗
Tn(N). Now, Lemma 4.1 shows the number of
T -equivariant Thom classes of M is same as that of M ′. This implies that
the numbers of T n-equivariant Thom classes of N and N ’s are same, as well
as {η1, . . . , ηm} maps bijectively to Thom classes {η
′
1, . . . , η
′
m} of N
′. Hence,
Φ induces a surjective map
Z[η1, . . . , ηm]→ Z[η
′
1, . . . , η
′
m]/I
′ ∼= H∗Tn(N
′),
which factors through Z[η1, . . . , ηm]/I because of a similar computation as
in (4.1). An identical argument for the inverse φ−1 shows that two rings
Z[η1, . . . , ηm]/I and Z[η
′
1, . . . , η
′
m]/I
′ are isomorphic.
Moreover, the splitting H∗(BT ) ∼= H∗(BS1) ⊗ H∗(BT n) induced from
(2.4) defines an H∗(BT )-algebra structure on H∗(BS1) ⊗ H∗Tn(N), hence
H∗(BT n)-algebra structure on H∗Tn(N) accordingly. Therefore, we conclude
that H∗Tn(N) and H
∗
Tn(N
′) are isomorphic as H∗(BT n)-algebras, which im-
plies that N and N ′ are equivariantly homeomorphic by [Mas08, Theorem
4.1]. Hence, M and M ′ are equivariantly homeomorphic.
Finally, assume that rk(λ) = n and rk(λ′) = n + 1. Then, M is equivari-
antly homeomorphic to S1 × N for some quasitoric manifold N by Propo-
sition 2.6. Hence, Theorem 3.5 and identification (3.11) together with the
fact that H∗Tn(N)
∼= SR(P ) implies that M and M ′ are distinguished by
their equivariant cohomologies. 
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